Abstract -In Shannon information theory the capacity of a memoryless communication channel cannot be increased by the use of feedback. The use of classical feedback is shown to provide no increase in the classical capacity of a memoryless quantum channel when feedback is used across non-entangled input states, or when the channel is an entanglementbreaking channel.
I. Introduction
The theory of quantum information is a generalization of the Shannon theory of information that takes into account the physical nature of the information carrier. In the classical theory of transmission through noisy channels the capacity for a discrete memoryless channel is unchanged with the inclusion of feedback [1] . In quantum information theory the use of classical feedback across non-entangled quantum input states is shown to provide no increase in the classical capacity of noisy quantum channels. Additionally, if the quantum channel is an entanglement-breaking channel then feedback cannot increase the classical capacity, even for feedback across input states that may be entangled between channel uses. These results give a partial analogy to the use of feedback in the Shannon theory. A separable quantum state is any bipartite state that may be written as a convex sum over product states,
Any bipartite quantum state that is not separable is said to be entangled. Fano's inequality [1] , combined with the quantum mutual information upper bound on the accessible mutual information I(R : Q) ≤ S(R : Q) (see [2, 3] ), provides an entropic upper bound on the classical information capacity of any quantum channel. The quantum mutual information is defined as S(A : B) = S(ρA) + S(ρB) − S(ρAB), with S(ρ) = −Tr ρ log ρ the von Neumann entropy, and Tr the trace of the operator. The Holevo-SchumacherWestmoreland (HSW) theorem [2, 3] states that the classical information capacity for a memoryless quantum channel is given by,
with D the set of all separable states, and Q (n) the output state of n uses of the quantum channel Λ.
II. Classical Feedback and Separable States
It is shown that for a feedback protocol to possibly exceed the bound for the non-feedback capacity the states must remain entangled between the states that have been received and the states held by the sender, at some step of the protocol. The proof works by induction, showing that for any single step 1 This work was supported by EPSRC grant GR/S34090/01. of a feedback protocol the maximum increase of the mutual information between the sender and receiver cannot exceed the Holevo bound. The maximum mutual information generated for a multi-step feedback protocol cannot exceed the sum of the mutual information gained from each step of the protocol. The initial state RQ1Q2 is separable across all bipartite partitions. Any step of the protocol begins with the state Q1 being sent through the channel. This is then followed by the feedback operation, which may be represented by an action utilizing only local operations and classical communication (LOCC). Any LOCC action on a separable state necessarily results in a separable state. The mutual information between the state R and the output state may be expressed as,
with the conditional quantum mutual information S(R : Q 2 |Q 1 ) defined in terms of the quantum mutual information by S(R :
. Any quantum operation acting on part of a bipartite state cannot increase the quantum mutual information [4] , hence the first term on the RHS of (2) is necessarily less than the maximum quantum mutual information for a single channel use. This bound incorporates any information gained from the measurement outcome during the feedback protocol. As the quantum mutual information is non-negative, S(R :
The final term on the RHS of (2) is thus separable between RQ 1 and Q 2 , and hence is no greater than the maximum over all separable states. The total capacity of the feedback protocol across the channels is thus bounded above by the separate single shot HSW capacities of the channels,
The same result follows for an arbitrary feedback protocol, across any non-entangled input states, by induction. An entanglement-breaking quantum channel is one which cannot transmit entanglement. If part of any bipartite entangled state is transmitted through the channel, then the bipartite state following transmission is necessarily separable. Consequently, feedback cannot increase the classical information capacity of entanglement-breaking channels.
